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ABSTRACT 

Separation of short-distance and long-distance dynamics 

for heavy quark-antiquark systems interacting with color 

gluons is investigated through a classification of 

gluons according to their ranges. A gauge-invariant 

double-multipole expansion scheme is constructed which 

takes into account color fluctuation of heavy-quark systems. 

Hadronic transitions between heavy quark-antiquark bound 

states as well as the static quark-antiquark potential are 

studied within this framework. 

This manuscript was printed from originals provided by the 
author. 

I. INTRODUCTION 

Heavy-quark systems, such as the 1/J and T families and those 

of heavier quarks of possible existence, provide useful laboratories1 

for testing the basic structure of quantum chromodynamics (QCD). As 

the quark mass increases, the size of a heavy-quark system gets smaller'. 

For sufficiently heavy quarks, the system size will eventually 

become much smaller than some characteristic time scale at which the 

system interacts with external perturbations. The difference between 

the system size and the interaction time will then serve as a useful 

expansion parameter for the description of such an interacting system. 

Along this line, a multipole expansion2-8 of the gluon field around 

a heavy-quark system, originally introduced by Gottfried2, has 

extensively been studied and applied to heavy-quark physics9 such as 

had . . . 10 . h k f .1 ron1c trans1 tions In a eavy-quar am1 y. 

The purpose of this paper is to develop a systematic classifi-

cation of gluon interactions according to their ranges and to con-

struct a gauge-invariant multipole expansion scheme for heavy-quark 

systems. Applications to hadronic transitions between heavy quark

antiquark (QQ) bound states and to the heavy-quark potential are 

studied. 

For the construction of the multipole expansion we start by 

assUll)ing that heavy QQ mesons are color~Coulombic bound states 

(for which the QCD coupling constant as"' g2
/(41T) <1). Special 

care, however, will be taken to show that the resulting mul tipole 

expansion scheme possesses a wider range of applicability than 

restricted by this assumption. 
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The one-Coulomb-gluon-exchange potential11 is attractive 

( - ~ as/r) between a color-singlet QQ pair with separation r 

while it is repulsive ( + } as/r) between a color-octet QQ pair. 

Owing to this energy difference /:;c. 
3 -2 as/r, a color-octet QQ 

(scattering) state is unstable and has a lifetime -r - 1/!:,c. - r/as > r. 

With the emission or absorption of a color gluon, a QQ state under

goes a color singlet +-+ color octet (!_ +-+ ~ or 8 +-> 8 transition. 

This reminds us of a close analogy between this color fluctuation 

of the two-body QQ system over a period of order 1/!:,c. and electric

charge fluctuation of a charged particle over a region of its Compton 

wavelength. The Foldy-Wouthuysen (FW) transformation,12 accordingly, 

is a useful guide for the construction of the QCD multipole expansion. 

The relevance of color fluctuation (or the binding effect) of the 

QQ system to the perturbative study of the heavy-quark potential 

has been pointed out by Appelquist, Dine and Muzinich13 . 

A heavy QQ bound state has some characteristic scales; the 

quark mass M, the Bohr radius rB, and the binding energy - /:;c.. 

[In order of magnitude, M: 1/rB: /:;c. = 1/as: 1 : as for a Coulombic 

bound state.} CoFrespondingly, there is a natural divison of the 

gluons distributed around the QQ bound state, relative to these 

scales, as illustrated in Fig. 1. (I) The gluons distributed over 

a region of the Bohr radius (i.e. those with momentum lkl "' 1/rB) 

predominantly build up QQ binding. Very hard gluons with momentum 

lkl ~M, however, mainly contribute to the renormalization of the 

one-body structure of the quark rather than to the two-body QQ 
structure. (II) The gluons distributed over a region of dimensions 

of order 1//:;c. (i.e. with 1/rB ~ lkl ~ !:,c.) are responsible for the 
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abovementioned color fluctuation of the QQ system. These gluons 

(which we shall call hard gluons) may be expanded in multipoles with 

the expansion parameter p = (QQ separation)/(1/!:,c.) = rtsc.. (III) 

The gluons softer than the scale /:,£ have longer ranges and tend to 

connect this fluctuating system with external perturbations. These 

soft gluons ( lkl :S /:;c., or symbolically14 gAJJ:S /:;c.) will be classified 

into multipoles with the expansion parameter ~ = (gluon momentum 

or energy) /!:,c. - gA //}c.. 
]J 

In this way one is led to the idea of 

a double-multipole expansion of the gluon field surrounding a QQ 
system. 

In Sec. II, we perform the separation of soft and hard gluons 

in the QCD Lagrangian. In Sees. III and IV, we construct the 

multipole expansion scheme for heavy-quark systems. We avoid the 

problem of gauge invariance15 by casting the multipole expansion 

scheme into a gauge-invariant form in the early stage of the con-

. b f . . f . 7,8 struct1on y use o an appropr1ate un1tary trans ormat1on. 

Selection rules for hadronic transitions between heavy QQ bound 

states are discussed in Sec. IV. Unlike photons which are neutral, 

gluons carry color themselves. It is, therefore, important to study 

how soft gluons are coupled to tte hard-g:Juon cloud around the QQ system. 

The effect of tre hard-gluon cloud on hadronic transitions of low mul tipole

orders turns out nonleading as compared with that of the basic QQ 
Structure. This indicates that the present framework will he Bp:nli

cable to known hE>:rvy-auark families by use of some phenomE>nological 

QQ potentials in place of the Coulomb potential. In Sec. V, we derive 

CIA effective Hamiltonian projected to the color-singlet QQ sector, 

and briefly study the effect of very soft gluons on heavy QQ mesons. 
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In Sec. VI, the effect of soft gluons on the static heavy-quark 

potential is studied perturbatively within the present framework. 

Sec. VII is devoted to concluding remarks. 

II. SEPARATION OF SOFT .AND HARD GLUONS 

In this section we separate soft-and hard-momentum components of 

the color-octet gluon field ~a(x) interacting with a color-triplet 
~ 

a heavy-quark field ~ (x). 

We adopt the Coulomb gauge ak~;(x) = 0 to quantize this quark-

gluon system. The Lagrangian is given by 

:£ = iji •(i.} - M + g iJ.r. )~ - .:;:F
4
1 !*J2 + (FP), JJ'-'a. ~v (2.1) 

with 

F~v[Jr] () Jji _ a .J?- + fabcAbJ,c 
)l'\? v"1.t g ..lO!'J.l"'\1 

(2.2) 

where Ta = ~ Aa(a = 1, .•. ,8) are the color matrices for the quark. 

It is straightforward to include light quarks, which are omitted here 

for simplicity. The Faddeev-Popov ghost term (FP), whose explicit 

form is well-known,16 will be suppressed in what follows. 

In the Coulomb gauge, the free-field propagator 

< T~acxP4?vCY) >free = i6ab~C (x-y) derived from the free-field 
~ ~\) . 

Lagrangian (Eq. (2 ,1) with g = 0) is given by 

~~O(x-y) = <xi1/V21Y > 

c kt kt 2 2 . 
~kt(x-y) = < xl (-6 -a a /V )/(3 - 10)jy>, (2.3) 
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2 )l 2 k . 16 where 3 = d 3~ and v = a 3k. As lS well-known, the 

generating functional of the free-gluon propagator 

w0£ n J = < 0 I r* exp (if d4xn~ (x) ·1 (x)) I 0 >free is written as 

w0[n] = exp[- ~ i Jd4xd4yf(x)·~~v(x-y) nv(y)}. (2.4) 

Let us divide the propagator ~C into soft and hard components 
)lV 

relative to a momentum scale A: ~c (x-y) = ~sv(x-y) + ~H (x-y). 
~v . ~ llV 

This division is rather arbitrary. The choice of the hard component 

~~v(x-y) which we use in what follows is 

~~0 (x-y) =<xll/(V2 
+ A

2)jy>, 

H kt kt 2 2 2 . llti(x-y) = <xj(-6 -a 3 /V )/(3 +A - 10)jy>. (2.5) 

This is the propagator for a vector particle of mass A in the 

Coulomb gauge so that its range is of the order of the Compton 

wavelength 1/A . 

As verified easily (note Eq. 03.1) in Appendix B), this "hard" 

propagator and the associated "soft" propagator ~~v = ~~v - ll~v are 

constructed from the Lagrangian 

1 
£0[ A,Bl = - 4 C3}v - 3 B )2 

+ k 2B2 
V·jl 2' ~ 

- .!_ (:3 A - 3 A )2 + .!_ 1 [cv2A )2 + (:32A )(<l2Ak)J 
4 ~\) \)~ 2]:! 0 k 

(2 .6) 
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by the standard path-integral method16 where the fields Aa(x) 
~ 

and B~(x) are treated as independent fields subject to the 

Coulomb-gauge condition 

3kA~ = 3~ = 0 . (2. 7) 

The generating functional w0[n] is represented by the path-integral 

w
0
[nl j[dAJ[dBlo (ClkAk)o(3k~) exp{ijd4

x[ £0[A,B] + rf • (A~+ B~)]}. 
(2.8) 

Let us denote the interaction part of (2.1) by £in.J.4;~.~; ... ] · 

The standard perturbation theory is generated by operating 

exp(if d4x£int o /iOn ; ... ] ) on w0[n], where only the gluon part 

is shown explicitly, 

This implies that, in terms of A~ and B~, the present 

quark-gluon system is described by the effective Lagrangian 

£eff = £0[A,B; ... ] + £int[A + B; ~. iP; · · .] • (2.9) 

where £0[A, B; ... ] (originally defined in Eq. (2.6)) now involves 

the free-field Lagrangians for the quark and the FP ghost as well. 

[It is necessary to decompose the FP-ghost field into soft-and 

hard -momentum components :in the same manner as done for .4 a.] Note 
~ 

the relation F ~) A+B] = F fl) A] + \!~~A] Bv - \! )Al B~ - igi\Bv, 

where \![A] is the covariant derivative \Jab[ A] = oab() + g fabcAc, 
~ ~ ~ ~ 
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and :if stands for a matrix field Bab = ifacbBc . Then the 
~ ~ ~ 

Lagrangian (2.9) is rewritten in the following compact form 

£eff = ~·(ii- M + g CA + ~)aTa)~ 

1 2 1 . - 2 
-
4 

F [ A] " -
4 

(V [ Aj B - \! [ A] B - 1g B B ) 
~\) ~ ~ \) ~ ~ \) 

+ Bv • {vfl[ A] F [A] " 3~ ( () A - () A ) 1 + o£ , (2 .10) 
~\) ~- \> \) ~ ) 

0£ = ~A2B2 + i ~ { (W2A0)2 + (32Ak) (32Ak)} . 
A (2.11) 

The Feynman rules are derived from the path-integral representation 

of the generating functional of the form (2. 8) with £ d A ,B] 

replaced by the full Lagrangian £eff" 

The Lagrangians (2.1) and (2.10) are equivalent in the sense 

that they lead to the same set of Feynman rules. The original field 

J4a in the former is decomposed into the soft- and hard-momentum 
~ 

components Aa and Ba in the latter. The fact that A and B 
~ ~ ~ ~ 

are treated independently in £eff plays a key role in the present 

approach. Note that the gauge-invariant structure of £eff becomes 

manifest only for very soft ~ or very hard B~. 

It is straightforward to generalize the content of this section 

to arbitrary gauges. 

III. A MULTIPOLE EX]_)ANSION SCHEME FOR HEAVY-QUARK SYSTEMS 

In this and next sections we construct a. mul tipole expansion 

scheme for a heavy quark-antiquark (QQ) system. 
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The physical picture explained in Sec. I and the :fonnalism devel" 

oped in Sec. II are combined to lead to the following program: At 

first, we choose the scale A to be of the order of D.e and 

srnn the contribution of the hard"gluon field \ in the Lagrangian 

(2.10). This hard"gluon summation procedure generates QQ binding 

as well as the multipole expansion of the hard"gluon field (developed 

in powers of p =rile). We perform the hard-gluon srnnmation according 

to the nrnnber of hard -gluon loops. The resulting Lagrangian describes 

how soft gluons are coupled to the QQ system surrounded by the hard

gluon cloud. The multipole expansion of the soft-gluon field is 

obtained by rearranging the soft~gluon interactions in powers of 

s= ~;D.e. 

way. 

The assignment of mul tipole orders is done in the following 

For a (low-lying) Coulombic bound state with quarks of mass M, 

the binding energy is, in order of magnitude, given by 
2 :'2 3 ,..,. -

M aS jiM - D.e = 2 a sir, where r = r I is the QQ separation and 

J k = ~ ia ;ark is the relative QQ momentrnn. Accordingly, 
~2 -> -1 P = rile _ O(a

5
), M- O(p L'.€) and J>- O(p Lse). [From now on, the 

multipo1e order O(Pnsmlle) will simply be denoted by O(n,m) .] By 

de:finition, A- D.e - 0(0,0) and g ~- 0(0,1). On the other hand, 

g ~ - 0(0,0} since a hard g1uon exchanged between Q and Q gives 

rise to the as/r potential, We assume that the QQ system is 

originally at rest so that its center-of-mass (c,m.) momentrnn Pk 

is a result of recoil against external perturbations. Hence we assign 
_,. _,. 
P- O(gA) - 0(0,1). The derivatives all acting on soft gluons Av 

are of order (0,1): This implies that the soft-gluon sector should 

be treated as a fully interacting system in the present formalism since 
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the kinetic part allA~ - av~ and the selfinteraction part 

g ~bcAbAc in Faf.AJ are of the same multipo1e-order. For hard 
].lV ]lV 

gluons B , 
ll 

k ak- a/ar - 0(-1,0). 

The double-multipole expansion scheme constructed in this way 

does not take a manifestly gauge"invariant form. It is, however, 

possible to cast it into a gauge-invariant form17 by an appropriate 

gauge transfonnation. Actually, it is advantageous to introduce the 

gauge transformation in the early· stage of the construction. 

To find a suitable transformation, let us try to express the 

soft-gluon field A (x) at position ~ in terms of the field 
):! 

at some fixed position ti (~hich will later be chosen to be the 

c.m. position of the QQ system). We consider the gauge trans-

fonnation 

lji(x) _,. 1j!1 (x) = V(8)1ji(x) , 

~(x) _,. !{ ~(x) = if"b(e)~(x) + ~(8) , (3.1) 

where V(e) = exp(ie~a) , U(e) = exp(ie), oab = i~cbec and 

bll(e) = (i/g) U(e)(allut(e)). In what follows, unless otherwise stated, 

all quantities are defined at common time t which will be suppressed. 

Taylor-expanding Ab(x) around u in (3.1) gives 
ll 

!{ a(x) = uab(e)ew·aAb(i'i) + ba(e) ' 
ll ll ll 

(3.2) 

where 'ti = * -U, W• () = Wk()~U) and (l~u);:: (Jj(JUk. 
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Suppose we fix e(x) in such a way that 

Uab(e)ew·a =[ew•V[A(i:~)Jrb (3.3) 

where w•V[A(i:i)] = ~(a~u) - igA]:JCifl) It is not difficult to 

verify that U(e) fixed in this way contains no derivatives 

as operators and that V(e) takes an analogous form18 

V(e) = exp[wk(a~u) - igA~(u)Ta)Jexp( -w·a). 

a/auk 

(3.4) 

Then, as shown in detail in Appendix A, the transformed soft-gluon 

field ~(i) is expressed in terms of field tensors FJJV[AJ defined 
-> 

at u so that 

co 
,.,. + ....:"' 1 -> nt + 

A0 (x) = A0(u) + n~ (n+l)! (w•V[A(u)]) w FQ,0[A(u)], 

I + 
Ak(x) 

"" ....:"' 1 ( + )n Q, -+ rf=;'o n!ln+Zl w·\l[A(u)] w FQ,~A(u)]. (3.5) 

• I + 
Not1ce that Ak(u) = 0. For the hard gluon B (~) we define the new 

]J 

field by 

B'a(i) = ~b(8)Bb(i) . 
)l ]J 

(3.6) 

As is obvious, gB~,....Q(gBJJ),....Q(O,O). With these new fields, the 

Lagrangian (2.10) is rewritten as 

12 

£eff = ¢"'•[i~- M + g(f.' + ;E')·T]1J!'- .:;:F41 [A]2 
]JV 

- }Cv [A']B' - 17 [A']B'- ia"VB')
2 

+ !_ t?B' 2 
]J \! \! ]J "'JJV 2 ]J 

+ (3. 7) 

where only terms relevant in what follows are shown. We may regard 

1j!
1

, B' and A as fundamental fields in £ ff; this means a change 
]:1 JJ e 

of field variables (¢, B , A ) + Cw', B', A ) in the path-integral 
]J ]J ]J ]J 

formalism. The Coulomb-gauge condition akBk = 0 is translated into 

Cak - igbk(e)) ~ = o (3.8) 

For bk(e) =-Ak(u) + ... , defined in (3.1), see Eq. (A.7) in 

Appendix A. 

Having cast the soft-gluon interactions into a gauge-invariant 

form, let us now study hard-gluon exchanges, as illustrated in 

Fig. 2. In the zero-hard-gluon-loop approximation which follows from 

a Gaussian path-integration over the hard-gluon field B
1

, hard-
JJ 

gluon exchanges between quark color charges are described by the 

effective Lagrangian 

£~~~ = \? (x).[ i<l - M + gf.' ·Tj¢' (x) 

1 J 3+ JJ a , ab , vb - 2 d ydy0J (x;!?l!JJV(x,y;A )J (y) 
(3 .9) 

1 2 11{2 2 2 2ki - "4 F [A] + 2 z (v A0) + (() Ak) (a A ) J + ... , 
~ A . 
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where J~(x) = ~ (x)Y~Ta~tx) is the color current of the quark. 

Here ~~~(x, y; K) is the hard~gluon propagator 

i- 1 <r*B~a(x)B~b(y) > in the presence of "\· Its explicit fom as 

a functional "\ is given in Eq. (B.l) of Appendix B. As a 

consequence of ( 3 . 8) , ~ ~~ depends upon b k ( B[ A] ) . As veri£ ied 

readily, when ~~e(x, y; K) is expanded in powers of A~ and 

bk(e), terms involving bk(B) contain long-range propagators such 

as 1/ (3k3k). Since we are summing only hard gluons, such long

range teTillS should be excluded from g,ab . This implies that the 
~v 

hard gluon Bk is effectively subject to the Coulomb-gauge 

condition 3~ = 0. 

DiagraJllllllitically, g.,:~ Cx, y; K ) consists of hard-Coulomb- and 

transverse-gluon exchanges accompanied by soft-gluon emission, as 

depicted in Figs. 2 and 3. Because of the retarded nature of the 

transverse-gluon propagator CEq, (2.5)), ~~~(x, y; K) is not in 

general instantaneous. It is, however, well approximated by its 

instantaneous part.. Note that, for a transverse-gluon exchange 

oetween a ~ pai'i:, the energy transfer (,_ lis) is smaller that the 

momentum transfer ( - 1/rl by a single power of p ~ as· 

Correspondingly, with the expansion of the propagator 

ca2 + A2fl, ci + .1\2)-111 + 9 ~cv.z +.l)-11-1, (3.10) 

one can extract the instantaneous limit of g,ab(x, y; /{). 
.. jlV . 

the instantan~ous part by ~~~(~, y; A) so that 

We denote 

ab , ab,... + , . 
g,JlV(x, y; A)= ~JlV(x, y; A )_o(x0 - y0). 
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Details of the calculation of !J!iab(x, y; K) are given in 
JN . 

Appendix B. Here we simply make a remark and list the result, 

Remark: Soft gluons tend to be coupled to the hard-gluon cloud 

distributed close to Q or Q. This is because the hard-gluon 

He: + It+ _,. + propagator, e.g. t~ 00 lx- z) = o(x0- z0) exp(-A 1x- zj)/(41Tlx- zi), 

blows up as ~ -+ x. This fact leads to the color-dipole (as well as 

multipole) nature of the hard-gluon cloud around the QQ system. 

Figure 3 (a) ~- (e) are the diagrams that contribute to 
ab + _,. 1 .... 

~ 00 (x, y; A) up to 0(~,4). We choose the fixed position u to 

_,. 1 + _,. ' 
be u = I (x + y) and express '\ in teTillS of the soft-gluon field 

defined at ~ (using Eq. (3,5)). The result is 

where 

ab , S gr 1 -- --2 a [ .2 ( ) g ~OO(.A:) = r 1 - 12A3 4 Fl.dFld. + FkOFkO + 0(1, 6) 

+ -Hi (lvR:Fl.d,) + oc2, 5) - if2
2 

(rkVtFkt) 

2 2 
g~ ( k- t- r - -) - 2411 r Fkmr .F tm - 4 Fkt Fkt 

2r 2-- 1 k- t-
+ ~ (r·FkOFkO - Z r FkOr F~O ) 

2 2 
+ g r (l ((1 r ) - - 1 ]c._ L- ) 

96A3 o /1 - o FktFkt + 3 r-rkmr f ~ <lo 

+ 0(3,6) r. 
(3 .11) 

_,. +-+ .+ ~ab . acbc :h 
r = x - y, 'ilk = 'ilk[ A(u)l , (.t-k0) = 1 f Fko[ A(u;] , etc. 
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The first tenn, the Coulomb potential, is of 0(0,0), The contribu· 

tions of order p ,p
2 and p

3 start with 0(1,4), 0(2,3) and 0(3,3), 

respectively. The last tenn involving time derivatives19 represents 

noninstantaneous interactions of 0(3y4) coming from diagram Fig. 3(e). 

Transverse gluons are responsible for spin-dependent quark-gluon 

interactions . The coupling of transverse gluons to a heavy quark of 

mass M is suppressed by a power of 1/M. Correspondingly, in order 

to study the spin-dependent multipole interactions up to order p
3 , one 

2r.:~~-+-+ I 2@ ,.,_ + f 
needs to calculate g ""'ok(x, y; A ) and g ... k:Q, (x, y; A ) up to 

order p 
2 and p 

1 , respectively. 

Figure 3 (f) contributes to i fill0k(~, y; A ) up to 0(1, 2) 

and 0(2,2): 

ifill~~(A') . [ lOk !1- k£-m; 1gas - 3K F + 0(1, 4) + ~ (3ok - .!:.7-)Fu£ 
r 

+. 1 t-rk 
24A r F do + 0(2,3) Jab, (3.12) 

Similarly, the evaluation of diagrams (g) and (h) gives 

2@ -+ -+ 
g k:R;(x, y; J() up to 0(1, 2): 

2 fl!lab ' [ 1 I k2 rkr £) 2 .kt g uCA) = as - 2r\o + T + 3 Ao· 

1 . :ld, kt Jab 
+ 3A hgF + o 'Vo'Vo) + . . . , (3,13) 

where the first two terms follow from the instantaneous part of the 

free transverse-gluon propagator expanded in powers of rA. 
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The last term involves time derivatives 'Vo = a0 - igA0 0}): 

Here we observe that the noninstantaneous terms in Eqs. (3.11) _ (3.1~ 

contribute to 0(31 2) or higher in the present multipole expansion 

scheme; in what follows, we shall ignore them so that the Lagrangian 

(3.9) is regarded as local in time. 

The nonrelativistic reduction of the Lagrangian (3.9) is most 

efficiently done by applying the FW transformation to the Lagrangian 

(3.7) rather that to (3.9), Up to O(p3), the result is cast in the 

form 

---,, [ 0 ( . A' T) /, 1 02 1 04) 
£eff = 1/! • e do - lg a· - v"~ + 2M - 8M3" 

+ -;z- Y 0 ((llkr B' + A'] FkO[ B
1 

+ A']) ·T 

- okt{Pk + g(Bk + A})·T1 F~0[B'+ A']·T}) 

+ ]1/J"+ ... , (3.14) 

where 1/!
11 

is the transformed quark field, 0 = - y0yk ~k + g(Bk + A~)·T] 

and pk = - idjdxk. The gluon sectors remain unchanged in the above. 

Functional integration over B' leads to the nonrelativistic version 

ofEq. (3.9). 

IV. HEA\TY QUARK -.ANTI QUARK S)'STEMS 

The effective Lagrangian (3.9) describes how soft gluons are 

coupled to heavy-quark systems surrounded by hard gluons. Let us, 

in what follows, ignore pair creation of heavy quarks and the 

renormalization of the one-body stucture of the quark, both of which 
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are caused by very hard gluons (jkj > M). Then, it is convenient to 

project the Lagrangian (3.9) or (3.14) onto the two-body QQ subspace. 

Namely, we replace the quark sector in the Lagrangian integrated over 

space (i.e. L = Jd3x £eff) by 

L _ = '¥t'i '*-)a'b':[ ..,a'·a..,b'b. QQ l~Q' Q u u 1()0 
a'b' jab] (-+ -+ )ab - :K '¥ xQ,xQ , 

(4.1) 

Where '¥ lxq, %)ab is the field operator for the QaQb system with 

color indices (~,b); spinor indices are suppressed. The two-body 

Ham.l . _.,a'b' Jab - d f th . - 1 La . 1 tonlan ..,., 1s constructe out o e or1g1na grang1an. 

The projection procedure is straightforward when the quark and 

antiquark positions ciQ, io.) are chosen as independent coordinates 

[We use the charge-conjugated field to denote the antiquark field so 

- .If * that the kinetic term is written as '¥Q • (i,¥ - M + g~"f )1/Jq, 

* where the color matrix Tc is the complex conjugate of Tc.] 

On the other hand, some care should be taken when the c.m. 

d. -+ 1 (.... .... ) d h . d' + -+ -+ coor Inate u = ~xQ + xQ an t e relative coor 1nate r = Xq- xQ 

are chosen as independent variables. In this case, one has to make 

the projection onto the QQ. sector before the gauge transformation. 

This is because the c,m. momentum Pk = - iajauk and the relative 

momentum jPk = - i3/<lrk respond to the gauge transformations (3.3) 

for the quark and the antiquark sectors. As shown in Appendix A, 
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under the combined gauge transformations (3.3) for the quark and 

the antiquark sectors, the covariant derivatives (ak - igAk•T)Q and 

* (ak + igAk·T )q undergo the change 

with 

where 

A~(x) 

before, 

i (ak - igAk. T)Q-+ }CPk + gQk) + fJ'k + g<Pk) ' 

i(()k + ig~·T\~-+}(Pk + gflk) - Sfk + g<Pk) (4.2) 

(u) -+ (ul-+ * nk = Ak (xq)•T- Ak txq)·T 

1 (. I -+ I + *) <Pk = ~ Ak(xQ) ·T - ~(xQ) ·T . , (4.3) 

I 
Ak(x) is defined by Eq. (3.5) whereas A~u)(x) is given by 

(3.5) with the Lorentz index 0 replaced by k. As in Eq. 

T = c 
' b'b * ' * b'b ' b'b (T )a ao T = oa a(T ) d p = p oa ao 

·c ' c c an k k ' 

etc; the fields ~ and ~ are matrices in color space. Color 

indices will be suppressed in this fashion when we work in the two-

- "''Ia'b' lab a'b' ab body QQ sector. Th~ projection operators ir
1 

= o o /N 

andJl;'b' Jab= oa'aob'b- ~'b'lab (N for color SU(N)) serve to 

extract color-singlet and color-octet QQ states, respectively. We 

shall later use the following combination of color matrices: 

* (T±) c = Tc ± Tc. Note that T is nonvani~hing only between color-

octet QQ states while T+ induces a 1 +-+ 8 or 8 +-+ 8 

transition of the QQ system. [This follows from the relation 

J;_r_ = T_.Jj_ = ~ T+~ = 0,] 
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Obviously, (Pk + ~) and fJ'k + g~k) are the covariant 

derivatives associated with the c.m. and relative motions of the 

QQ system, respectively. Under the present gauge tranformation, 

the hard-gluon field B is transformed in the same way as before 
f.l 

( )) ab . ab , 
Eq. (3.6 and flJ (x, y; A) 1s converted to !1! (x, y; Pi. ) • 

}lV }lV 

With these remarks taken into account, it is now a simple task 

to derive the gauge-transformed form of the two~body Hamiltonian. Its 

relativistic form is obtained simply by the substitution (4.2). To 

derive the nonrelativistic form, we start with the nonrelativistic 

Lagrangian (3.14) without primes on the fields and make the gauge 

transformation using (4.2). The resulting Hamiltonian is written as 

Xnew = X- +£hard 
QQ ' 

(4.4) 

where ~ard consists of hard-gluon exchanges. Up to order p 3 , 

~QQ is given by 

,.... ,...,. * 1,... -+2 
~QQ = 2M - gCAQCxq)·T - A0 (xQ)·T ) + M.Cj + g~) 

1 ...,.2 2 1 - 4M3' Cf ) + 4M c'P + gQ)2 

g I ~ [ I ,... ]· k!l, I ... *) 
- 4MeQ F~ A (xQ) •T ~d"d F~[A (xQ)].T 

. g.pc ..,.(~ ~* - -::::-7 J kFt 0[A(\l)] OQ T + o- T ) 4M . c Q c ' 

where the spin matrices o~ and o~ ~~ = <:~moQ , etc.) 

two-component spinors of the quark and antiquark. 

(4.5) 

act on 
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To construct ~hard, we first extract the hard-gluon interactions 

up to order p3 out of the gauge-transformed form of the Lagrangian 

(3.14): 

'g p-1(, . .j.,k 11 k k ... ) ,...~k } kt , J 
~B = -gB0·T+~+Z\p +gA (u)·T_ ,15 ·T - oQ CakBt)·~ 

+g[k ') kt{.f:J 1 ->- I}] sMZ (a akBo .r + oQ J t+ 2cP~ + gAt(u)·T_)
1

(akBo)·T 

g2 r,C , . ) 2 1 . kQ..-; , ] 
+ "'2]\f L ]\· T + 2 10qt]\Bg_) ·T 

+ (antiquark sector)+ ... , (4.6) 

where Bi·T = ~C~q)·T , etc. The antiquark sector is obtained from 

the quark sector through the replacement 
I -?- I + 

J3kCxQ) ->- J3k(xQ), 
* ~ ~ T ...,. - T and o +o-

c c Q Q On inte-

grating over the hard-gluon field, as done in (3.9), one gets the 

hard-gluon exchange Hamiltonian.~ard. 

The part of ~ard, which involves ~0 (~, y; A
1
), is given by 

hard 2 h * ce ...,. ...,. ' 
~ 1 = - g teTe !l!oo (xQ,xQ; A ) 

1 ce->-,...' 1** ce+-+ ,J 
- zCTcTe) !1J00 (xQ,xQ; A ) - z(TcTe) !1J00 (xQ,xQ; A j 

+ (aSTI/M2).TcT:o 3(;) 

+ 4M;:3 /E~t{~. {tt+ ~cPt + gAt·rJ, ( J} 
(4.7) continued on next page 
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k~{ * { b~ 1 ~ ~ l}] + crQ Tc , -) + z (P + gA ·T), Tc 

+ (4. 7) 

The 8-function term which follows from akak(4nr)-l = o3(r) is of 

0(2,0). The A-dependent part [of 0(3,2)] of the last term acts 

only between color-octet QQ states since 

lrc, ~A·T_, T: ll= lT:, )A•T_,Tcll =- (2/N) A·T_, as verified 

easily. Note the structure of the first three terms: The second 

and third terms represent hard-gluon exchanges by the same quark 

(or antiquark); 
20 

and involve ultraviolet-divergent selfenergy 

corrections which are removed by mass renormalization. (see Fig. 3 . . \ 
(b) - (e ). 1 They, as a matter of fact, play an important role: 

In the 1++ 1 and 1++ 8 channels, i.e. in :Ji.:#;_ard or 

-u hard '-t:l 
.JT 1 .:1'1' the Coulomb- exchange terms are proportional to 

ce r7: ->- 1) 
~reglXQ' xQ; A 

ce _, ->- , 1 ce _,_ _,. , 
~ 00 CxQ, xQ; A ) - z~ooCXO, x0;A ) 

1 Cer7: ->- I 
- z~OOlXQ' xQ; A ) . (4.8) 

Owing to this stucture' terms independent of r = ~Q - ~Q vanish in 

~ . Consequently, ,jjh1ard starts with 0(2,0); the multipole reg 

interactions of order p which have undesirable direct !_~!_ 

21 '-!0 * '-IJ -1 ce "'b components are removed. (Note that .r1 (TeTe) J 1 = (2N) o J
1

.) 

These order-p terms constitute the leading infrared structure of 

~ 00 (~0 , ~Q ; A) ; they become singular as A + 0. The removal of 

these terms makes .:H~ard less sensitive to tre structure of the hard-gluon 
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cloud . Note that there is no such cancellation for the 8 ~ 8 

~,hard component ofJY1 . 

The part of ~hard, that involves ~Ok' starts with 0(2,2) 

and 0(3,2): 

h d igas * [ 2 -:;- ~ r I + .:J+ ar = _ T T - E•P + 0(2 4) - ..,- )3E 
2 M c e 3A j ' " 

1 -:;::-_,_->-I _,_ 
--z-CE•r)r 1·}' 
r 

1 * _,_ -- 2r ;:, • (r x E) + ••• r~ (4.9) 

where 
k kO->- _,__,. kk ->- 1-+ + 

E = F [A(u)l, E:f = E j, etc., and S = z-(crQ + crQ) is the 

total spin of the QQ system. Some remarks are in order as to 

'>!!hard the general structure of~ 2 . ( .) Th d 2 . ...Jhard 1 e or er-p terms 1n~ 2 
. + + -r 

are g1ven by the r = xQ - xQ -+ 0 limit of 

2 * [ ce ->- -+ ' ce ~ _,. ' ·] k (g /M)TcTe ~Ok(xQ' x0; A ) - ~kolXQ' x0; A) J' . (4.10) 

. ce _,_ ->- r 
It follows from th1s and the Bose symmetry ~Ok(xQ, xq; A ) = 

ec-+ -+ ' otl hard 
~k0 cx0 , :xQ; A ) that Jt 2 has no !. ~ !_ components of order 

(ii) The spin-dependent part ofJJ ~ard is proportional to 

k£ ce ->- -+ r ~ ec _, _, ' 
crQ ak~£0 (xQ, x0; A ) + cr0 ak ~x_o(XO, xQ; A ) (4.11) 

term. 

->- + 
dk acts on xQ in the first term and on xQ in the second 

It is easy to see from this that~ ~ard has no b.S = 1, 

where 

P2. 

_,. _,_ _,_ 
!_ ++ !_ interactions (i.e. those proportional to cr = crQ - crQ) of 

order p3 . 
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Th f hardh · 1 ""' · · b e part o .Yt' , t at mvo ves '''i.e, 1s g1ven y 

d 2 * ce -+ _,. ' k &. ~ar = (g j]vl)TcTe g,:J<£ (xQ' xQ; A ) J' f 

+ ;;:3 rk (o~{Tc•{t2 - } (P
2 

+ gA
2
·T_), T:}} 

+ o~t{T:, {j2 
+ }cf+ gA2 ·T_),Tc~J 

+ -:-:z-· (J (J- -,. -o + 3 r r + 8'1! oll 0 3 ( .... ) c:s k t [ 1 ( k2 .k t) ~ 
4M Q Q r.:> T 3 r 

+ ••• ( 4 .12) 

where the o·-function comes from ak<\' li2 _Q, (i:) . Note that hard

transverse-gluon exchanges mainly produce the higher-order 

structure of QQ binding. 

with 

After some manipulation, J!l"'new = J!I"'QQ + ~ard is rewritten as 

X new = J!f +X+ .:Jit' + £ + ~ 
0 V E H g ( 4 .13) 

1 +2 as * 1 -+2 2 
1 * 7 2 ~ = 2M+ M f' - r (TeTe) - ~(ti) + 4M(.P + gA-T_) , 

4M] 

~ = ilcTcT:) [- ~(}2 
+ "7 i:ci:j'i}) + 7$.1 

- .1:.. (sz - l...(t"·S)z) + srr csz - ~)o3ct:J 
r3 r2 3 4 j 

- ~·-14 {Tc,{ ~·(i:x(P + gA·T_)) r*}} + 8M"r.:> ' _ · · - 2 c · · · • 

.X: = - gA •T + -, g(r•E) •T + .,g(r•llr·t)oT + "AO"g (r-17) r•E •T 1 _,. .... 1 _,. * 1 ( z..., :E) 
E 0 - "- + 8 - 4o · + 

+ 
.. 0 ~ ' 
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~ = fM [ cr'k·T+ + (L + 2S)~·TJ 

g [*kr,tj "* k 1 ->k _,. '* k J - 4M :::> ~ x n) • T + + 2 0 _ fJ' x n) • T _ 

+ fM [ sk(r·vl'(}.T+ + } a~Cr·vff) 

+ ~ jtk, C:r·vff)·T+ l- & !Pk + gAk·T_,Cr x Fi)k.r+J 

+ ••• (4.14) 

where (Ek)c and (~)c are the color-electric and color-magnetic 

fields defined at 1'i, respectively, and L = i: xj is the angular 

- . * 
momentum of relative QQ motion. As defined before, T± = T ± T , 
* 1 + .... ... _,. .... k_ ... :::, = - (o + o-) o = o -o- and r•ll = r·v- r A(u)l 

2 Q Q ' - Q Q' K . 

The first three terms in~ represent the relative QQ 

motion (of 0(0,0)) and are regarded as the unperturbed Hamiltonian 

for perturbative calculations in the present multipole expansion 

scheme. Note that the Coulomb potential is rewritten as 

* Yn 1 2 -(TcTc)a5/r = - cpos!r + llsV8, where CF = I(N - 1)/N_ and 

lis = } Nc:s/r (N = 3 for color SU (3)). The last term in ~ 

represents the c.m. motion as well as the recoil effect of the QQ 

system [of 0 (2. 2)] • The ~ represents the QQ potential of 

0(2,0), apart from the last term of 0(~,1). In the Abelian limit 

it is reduced to the Breit-Fermi Hamiltonian. 
22 

The J!I"'E and J!f H 

describe soft gluons coupled to the quark and antiquark. The g Ao·T_ 

term represents the static Coulomb interaction of 0(0,1), which 
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acts only between colored (~ QQ states, The color-electric dipole 

(color-E1) interaction i g (r· E)· T + induces a LIS = 0, llL = 1, 

.!_ +--+ ~ or ~ +--+ ~ transition [of 0(1,2)] of the QQ system. The 

remaining terms in ~E are co1or-E2 and color-E3 interactions. 

The color-magnetic dipole (color-Ml) interaction jCg/M)~5Ak·T_ 

causes a parity-conserving, liS= 1, 1-+--+ 8 or 8 ++ 8 transition 

of 0(2,2). Another color-Ml interaction is proportional to the 

''intrinsic" color-magnetic moment jCg/M) (L + iS) of the colored QQ 

system. 

The last term ~ describes the coupling of soft gluons to the 

hard-gluon cloud: 

~ = T r* rig \1 f~ 1 £ ~ l 
g as c e ['A (M .J - 4 r (V F£k)j + 0(2,4) 

2 _grr+;;
W I H•li 

2 - -) -z- c'f x i'i)·Cr x i'i) 1 
r 

2r I-- 1 -+ - -+ -
- ~ 1 E·E - :-:z- (r·E) (r·E) l 

2r 

2 .P~ 1 
+ ~ w (A + 271 Vo'Yo) + • • • l ( 4.15) 

where the last term is included here for convenience. As for terms 

of order 3 
p ' only those that have .!_ ++ .!_ components are shown. 

The first term represents a color-E1 interaction of 0(2,2), 

which is nonleading. It is important to note that the effect of soft 

gluons coupled to the hard-gluon cloud is in general nonleading 

as compared with that of soft gluons coupled to Q and Q. 
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Intuitively, this is because the color charge associated with the 

gluon cloud is induced by the quark and antiquark color charges so 

that its effect is in general smaller, by a single power of p - as, 

than that caused by Q and Q. Unlike ~ or ~l' -~rd possesses 

direct .!_ +--+ .!_ components starting with order p 
3. Fortunately, they 

turn out less dominant than those generated by combining the low-order 

interactions in ~ and -~, as is seen from Eq. (4.15) and 

Fig. 4. In particular, Kbard invo1 ves no liS = 1, 1 +--+ 1 inter

actions of order p
3, as noted earlier. 

d - - - 23 b 1 - 1 QQ-Ha ron1c trans1t1ons etween co or-s1ng et bound states 

proceed via the emission of gluons. Hadronic transitions of low 

multipole-orders are listed and schematically illustrated in Fig. 4. 

Note that any number of color-Coulomb (~ ++ ~ interactions 

gflu•T_ can be inserted between a pair of (.!_ ++ ~) and (~ ++ 1) 

interactions without increasing a power of p. 

V. EFFECTIVE 1 ++ 1 INTERACTION 

The present formalism based on r-ew (Eq. (4.13)) is applicable 

to reactions involving colored as well as colorless QQ states. It 

is, nonetheless, instructive to derive an effective .!_ +-+ 1 

(nonlocal) interaction out of the local Hamiltonian Jllew. A 

systematic procedure for achieving this is to use a unitary trans

formation which removes the .!_ +-+ ~ components of r-ew, in exact 

analogy with the FW transformation which removes transitions 

between positive- and negative-energy states· of a Dirac particle. 

Let us denote the transformed Hamiltonian by 

. 7{'' eiV (~new _ ia/at)e-iV . (5.1) 
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Appendix C outlines the construction of the unitary transformation 

eiV We denote the color-singlet piece of the unperturbed QQ 

Hamiltonian by ~ = 2M + f 2 ;ti - Crf!-slr, and the color-octet part 

by J!t"
8 

= ~ + D,s. Then the 1 +-+ 1 component of the Hamiltonian J!t"' 

is given by 

(J!t"') = (J!t"new) + .)If 
11 11 s 

(5.2) 

with 
' 2 '-+ -1->-+ 

<s ~is> = ~N < s I (roE)[ s -~ + ill 0 ] (r•E) + h.c.j E > 

i ' { 1 -+ -+ as ( 1 -+ -+ 1 £ k )} + 4<s I NM cr_·H- irK· ME•f - 4r (17 FJI,~) 

r; -1-->--> 
xls - ~ + iV0] (r•E) + h. c. is> 

g3 ' -+ -+ [ .)If l -1 -+ :+ r. ,-lf -+ 
+ 8N <s I (r•E) s- 8 + iV0j (r•E) Ls -~+ iV0J Lr·E) 

+ h. c. is>+ ... (5.3) 

where Is >and Is' > are the eigenstates of the color-singlet 

Hamiltonian ·Jt'j_, ~ IE > = E IE > , etc. E stands for the matrix 
. - ab abc c abc . f1eld (E) = d E , where d are the totally symmetr1c 

coefficients of SU(N). The energy denominator 
-1 "' L ..,.., -1 }n ) -1 

[ E - £ + iV ] = L i(s- ""8) 170 ( E - Xg 
8 0 n=O l 

is a matrix in color indices; the time derivative in 

-+ 
V

0 
= V

0
[A(u)l acts on all the gluon fields to its right, 
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The ~ is the effective Hamiltonian which describes hadronic 

transitions in a heavy-quark family discussed in-theprevious 

section. The first through third terms in ~ begin with multipole

order (2,4), (3,4) and (3,6}, respectively. The first term 

agrees with the result obtained by Peskin. 6 

The diagonal component< sj J!t"sjs > may be regarded as 

representing the effect of soft g1uons on a heavy QQ bound 

state Js >. Let us, following Voloshin, 4 take the expectation 

value of< s 1~1 s > between the gluonic vacuum I 0) which is the 

lowest energy eigenstate in the pure soft-gluon sector. Then the 

effect of very soft gluons residing in the gluonic vacuum is 

factorized from the localized QQ system and is represented by the 

vacuum expectation values of gauge-invariant operators such as 

(Oj Ek• (V 0)nEJI, I 0), as seen from (S. 3). 

VI. STATIC QUARK-ANTIQUARK POTENTIAL 

In the present rrrultipole expansion scheme the soft-gluon 

sector (as well as light-quark sectors in case they are included) 

is treated as a fully interacting system although the hard-gluon 

sector is treated perturbatively. The standard weak-coupling 

expansion is inappropriate13 for the study of soft gluons. The 

multipole expansion scheme, on the other hand, has control over 

soft gluons surrounding a QQ. system; The binding energy of a QQ 
bound state provides natural suppression of soft-gluon emission. 

In this section the multipole expansion scheme is applied to the 

perturbative study of the effect of soft gluons on the QQ potential. 
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For this purpose we treat the soft-gluon sector perturbatively 

in the effective Hamiltonian (5.3). For simplicity we take the static 

limit M-+ The order-p 2 term in (5.3) leads to the following 

correction to the Coulomb potential: 

s(2) - ig2/(2N) Jtdt'e-i(t-t')~s rkr£ <T*Ec(t)Ec(t) > 
k £ 

(6.1) 

-1 . . 25 where { s - Jff'8 + iii' 0] has been replaced by the causal propagator 

<ti[i& 0 -~s+ iOliO>=- i6(t)exp(- iws). 

In coordinate space, the Coulomb-gauge soft-gluon propagator 
<:; 

~k£ (x) is,, for 
2 -+2 . x0 >:> x , well approx1mated by 

..,k£c.4 2) -1 2 c· ... Jl . o) "1 
u 71 "3 ~X - 1 • (6.2) 

With this simplified propagator, (6.1) is rewritten as 

€ (2) (g2/712) CF r2 ~ d~ ,-4e-i~s. (6.3) 

The lower end in the relative-time (T) integration should be cut at 

some time scale 'o ~ A which distinguishes between soft- and 

hard-gluon contributions. Long-time color fluctuation of the QQ 

system corresponding to the upper end of the T integration gives rise 

to some nonanalytic terms in ~s (hence in as): 

€(2) 
2 as 3 

371 (~ r) [ (r~d £n(r~s) + , .• J } (6.4) 
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where the omitted terms are regular in ~s. Such nonanalytic terms 

have been obtained by Appelquist, Dine and Muzinich13 by selective 

resummation of the weak-coupling expansion. In the multipole 

expansion scheme, such rearrangement is done at the Hamiltonian 

level. In general, higher-multipole-order corrections to the QQ 

potential consist of higher powers of p = r~s as well as 

logarithms of ~s (J~Thich originate from the energy denominator). 

VII • CONCLUDING RFMARKS 

In this paper we have derived a gauge-invariant multipole 

expansion scheme for heavy quark-antiquark systems and studied some 

of its applications, A generalization to the case of heavy baryons 

is straightforward . 

The inclusion of hard-gluon-loop corrections, as illustrated in 

Fig. 2, leads to the successive improvement of the present double

multipole expansion scheme which is still at the tree level as to 

the treatment of hard gluons. These loop corrections consist of 

quantum corrections to the QQ potential as well as the soft-gluon 

interactions coupled to them. 

ln the present framework no perturbative treatments are 

assumed for the soft-gluon sector as well as light-quark sectors. 

The long-distance dyn8ll)ics should in principle describe how soft 

gluons turn into hadrons, Practically, one may have to treat 

hadron formation phenomenologically while treating soft-gluon emission 

perturbatively. In Sec, IV, we have noted that hadronic transistions 

of low multipole"orders are rather insensitive to the hard-gluon 

cloud induced by quark charges. In order to widen the range of 
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applicability of the multipole expansion to the ~ and T families, 

it is necessary to examine to what extent this feature is inherited 

by phenomenological heavy-quark potentials. 
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APPENDIX A 

In this appendix we study how the soft-gluon field Aa(x) 
~ 

is transformed under the gauge transformation (3.1) defined by 

U(e) (Eq.(3.3)). 

As preliminaries, let us first evaluate 

I~w) = eW•'V1l~w)(e~w·v) (A.l) 

where vk = vk[ Al a (u) . --'-'+ ( ) k -lgAk(u) and akw 8/8wk . With the 

aid of the formula 

1 
oeF = b dS e(l-S)FoF eSF (A.Z) 

for a derivative of an exponential operator, we get 

1 
I~w) = - fo dS esw·VvJ .A] e -Sw•V. (A.3) 

We expand the integrand in powers of S, noting the formulae 

[v~! A] , V) Al] = - ig F~vl A] and[ll} A] , G J = ('V
11

[ A] G), where 

uFb = i facbGc, etc. The result is 

00 

1 Cw) 
k V' ~.A] + ig~o (n+~)! C;·V)~tFJI.k (A.4) 

Here and in what follows, fields with unspecified arguments are 

defined at position 

to verify that 

+ 
u. In the same way·, it is now straightforward 
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I~u) = ew·v9~u) (e -w•\7) 

1 
ig ~ 

:tFo 
(n+1) I (W•'ii')n~F . . J,k (A.S) 

In Sec. III, an arbitrary position ~ = w + ~ is parametrized 

around some fiXed position ~- In this case, a/axk in bk(e) 

(Eq. (3.1) implies a~W). Note that U(e) {~~w)Ut(e)) 
W•\7 -W•(J (W) W•(J -W•\7 . . 

= e e 'dk (e e ) l.S rewn tten as 

"(u) + I (Jl) + I.(w) 
0 k k k ' 

Consequently, 

[ 
"" 1 nJ, 

bk(8) = - Ak + ~O lJi+Z)T (w,\7) w FJ,k 

(A.6) 

+.;. 1 ( n ~H ] ~o (n+l)! w'ii') ak \.W At . 
(A. 7) 

The evaluation of U(8) (a
0
ut(8)) is analogoUs to that of I~u), 

yielding the result 

""···l'( n2 
b0 (e) =- :E n+1)! (w·V) w F20 ) 

n=O L 
(A;8) 

Substitution of (A,7) and (A.8) into Eq. (3.2) leads to the desired 

result (3.5). 
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In Sec. IV, two-body variables ~ = ~ (xQ + xQ) and 

t = xQ - xQ are chosen as independent coordinates instead o£ 

(XQ• Xq). In this case, ~ is no longer a fixed position. Expressed 

in terms of (~. t), the covariant derivative for the quark field 

is decomposed into those associated with the c.m. and relative motions 

of the QQ system: 

('dk- i~·T)xQ =} (a~u)~ igAkcXQ)·T)+ Ha~w)~ iW\lxq)·T). 

(A.9) 

.... 1 .... 
where w = 7 r Let us now make the gauge transformation (3.4) in 

the quark sector (i.e, lj;Q(Xq) + V Q (8 )lji (Xq)) 

covarient derivative ~;9) is converted to 

Then, the quark 

1caCu)_ ioA.Cll)C~ )·T)~ !caCw)_ igA' c~ )·T) 
Z k cr-k · Q · 2 k k · Q . ' (A.10) 

(u) + , + 
where Ak (xQ) and Ak(xQ) are given by Eq. (3.1) with the 

derivative '\ in bk((]) replaced by 'd~u)and a~w). respectively. 

Obviously, A~ (;Q), the gauge field associated with relative QQ 

motion, is given by Eq. (3.5). A simple calculation shows that 

~u) &Q) is given by A~ (X:Q) in Eq. (3.5) with the Lorentz 

index 0 replaced by k, 

The subsequent gauge transformation in the antiquark sector 

(ljJ- ~) + V ·lji- (~-)) with Q 'I.{ Q Q Q . 

v0 = exp [} rk~u)+ igAklxq)·T*~ exp[} T·()] 
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However, the leaves A~u),T and A~·T in (A.lO) unaffected. 

derivative ~~u) + a~r) = ~ (a~u)+ ig Ak(~Q) ·T*) (
. (r) 1. + *\ 

+ :'lk - zlgAk (xQ) ·T J 
undergoes the transformation. It is now a simple excercise to verify 

that the effect of the combined transformation VQVQ (or VQVQ) on 

the covariant derivatives for the quark and the antiquark is 

summarized as in Eq. (4.2). 

APPENDIX B 

In this appendix we construct the hard-gluon propagator 

ab + ..,. ' g)ilV(x, y; A ) in the presence of soft gluons. 

A Gaussian integration over the hard gluon field leads to 

ab e _ ab J 4 4 ac J<R- ce eb g,!lV (x,y;A: ) - D!lV (x,y) - d zd v D!lk(x,z) ( (z, v)) Du(v ,y), 

J<t(z,v) = d~blz(d~bl Dmn d~bl]~~v dt[b] v' (B.l) 

where dk[b] ak- igbk(6), and D~~(x,y) is defined as the 

inverse of 

<x, ajg!lV(\IP[A'J \IPLA'l + P.,h -llJA'l llJA'l IY, b >. (B.2) 

As explained in Sec. III, bk(e) is set equal to zero in what 

follows; then (13.1) is reduced to the standard set of Feynman rules 

in the Coulomb gauge. 
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Let us recall the multipole-order assignment in Sec. III. 

The leading terms in (B.2) are of order (-2, 0) and yield the 

instantaneous propagators 

+ 21+ t~ 00 Cx - y) = <xi 1/V Y> o(x0 - y0), 

/_,_I H k 2- 2 2 2 I_,_> llkt(x- y) = ....._x t-o -a a ;v )/(V +A) y O(x0 - y0). 

(B.3) 

We denote the rest of (13.2) by r!lv: 

roo= - ig{A'k ,:3k} - lA'J'k, 

rok =- ig(FokiA'l - llo[AJA'k) + ... , 

rkt - igFkt!A' l+ gu11o1A.ho1Al + gkloo + lA'i ~+ 
(B.4) 

In r Ok and r k.Q,, we have used the relation [ \7 !l, llJ = - igF !lV 

and omitted terms that vanish when the transversality of llk.Q, is 

taken into account. The full propagator !2tJ ab (x, y; A') is 
jlV 

. expanded in powers of f)JV: For example, 

g, _ [ 00 00 00 Ok tO l 
oo - lloo + lloo -r + r 4oor + r t~ktr jlloo + ••• , (B.S) 

where integration symbols are suppressed in an obvious fashion. (See 

Fig. 2(a) .) 
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Some remarks as to general structures of the above expansions 

are in order. (i) Consider n space derivatives acting on a 

' + ~ . . -3>- n -?-., ml product of m AkCu) s, 1.e. symbolically, (a) (gA ) ~=~· 

r, I+ 
LNote the definition of differentiation: e.g., a~Ak(u) stands 

for 

a~A~(~)k=~ =or)A~(;+ ~)~~0 = iF~k[A(~)J.J 
As seen from Eq. (3.5), such an expression vanishes for n < m; 

it is, however, in general nonvanishing and is 0(0, n + m) for 
1 

n;;;; m. This fact implies that g Ak in r JN can effectively be 

regarded as 0(0,2). (ii) Power~counting tells us that, in ~~v· 

terms with two or more P( are both ultraviolet and infrared 

covergent. 

Let us first consider Fig. 3(b). In momentum space, its 

contribution to 2ft!++ I 
g 00 cx, y; A ) is written as 

2ig36 _a_J fd3kd3q e"ik·~+iq•-;L'l(q " lt)L'l(q + ~k)A J (k) 
(21T) dr ?' t.. ' 

(B.6) 

where 
+ ">-2 2 + + + + 1 + + 

L'l(p) = 1/(p +A), r = x "y, u = 2 cx + y), and Aj ck) is 

the Fourier transform of Aj (1") • We combine the two denominators, 

integrate over q and differentiate with respect to -;. The result 

is 

J
l . [ j 1 kj ] -+2 1 "t ->-"igas di3 !._ + i(!3" -) . . e"rm{A,k )":i(i3" :z)K•rA'j(-+) 

o r 2 m/ A k~ u' 
\. .. ' 

(B. 7) 

where m(A,it2) 
2 ,.,.z k j 

(A + i3(1"i3)k ) 2 and k stands for the 
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derivative kj iaj<:lui f + 
acting on A (u). As expected from power" 

counting, (B.7) possesses the -;;r structure which becomes singular 

as -; + 0; its contribution, however, vanishes because A1 (~) = 0. 

We expand (B.7) in powers of -; and express A1 in terms of A 
using Eq. (3.5) and the Jacobi identity ~[pF~v] = 0. 

expression is 

The final 

fr iga.S (1/A" r) rk(~iFk,ll) + 0(2,5) + 0(31 5). (B.S) 

Figure 3 (c) , which represents the emission of two A1 ··s, is 

similar in structure to diagram (o). Its contribution is given by 

1 z 1 r 
"2 asg J di3~"1" 

0 

1 2 1 1 2 7 .... 2 "1 l,-:;:-.,...-::;-
r + z:rm" z$"z) (K•r) m + .. jA.(u)A.(u), 

' ] J 
(B.9) 

where m = m(A,it2) defined in (B. 7). The C~f term in the first 

bracket of Eq. (3.11) follows from the first term in (B.9). The 

order~(3,4) terms in (B.9) are combined with an analogous term in 

(B.12) below to give the two terms in the fourth bracket in Eq. (3.11). 

The evaluation of diagram (d) is rather involved. Using two 

Feynman parameters ( t, 13) , we first combine the two Coulomb"gluon 
.... + 

propagators attached to x and y, and subsequently include the 

middle one. A momentum integration yields the following contribution 

2 
to g ~00: 



39 

a f di.:f di3B e -r.,.. -l.H•r _o __ !:_!:.._ _ ~ frm(hn _ ;ci<n) + rn(hm+!. J/.m)] 
1 1 .r .;::- -+ { mn m n . 1 

s
0 0 

Jf r v'!l 2 2 

+ ){-3/ 2 (1 + r}{)(hm+ ~J!,m)(hn- ~n)} A~(-;; 1 )A~('f/1), (B.10) 

where h = ( ~ - B (1 - 0) ~ -( i -13~2 , 

J( =[A2 +B(l -B) (1 -~;:;)1:2 +tl2 + B2sC1 -~;HI< +!)2]1/2, 

(B.ll) 

and (kj, .Qh stand for (kj = i 3/au' j, J/.j = i a/au"~; t' and t., 

are set equal to t after these derivatives are taken. After some 

manipulation, (~.11) is rewritten as 

1 2 m...- 2 
0(1,6) + 0(.2,6) - 32cg ~/A) (r rmj) + 0(3 1 6) . (B.l2) 

Diagram (e) contains a hard-transverse-gluon exchange. A 

somewhat lengthy calculation leads to the result (up to 0(1,4) 

and 0(3,4)) 

12a:3 [ omn + :rir A 2 (:rmrn- 2r2o mn) - }{(i"z -~))mn 

+ rmrn} k- t] FTI(;fi, (B.13) 

where FTI = ig(FTI0lA1 (u1)l- xm(t1 )a0), Gn = ig(FOn[.A' (u'')l 

- a/nC~"J) and (kj, £j) ;= (ia/au'j, ia/au.vj), Equation (B.13) 

leads to the F;;FkO term [of 0(1,4)1 as well as the tenns in the 

last two brackets [of 0(3,4)] in Eq. (3,11). 

4Q 

Figure 3 
' !· -+ _, '· 

(b ) - (e ) represent !?l>00(x, x; A ) and ~00 (y, y; A), 

which appear in ~eg(=k, y; A
1

) (Eq. (4.8)). Note that, e.g., 

~00 (Jl:, =k; A
1

) is obtained from ~0 (Jl:, y; A
1

) by letting y .... x, 
. b f" 1 . .... 0 d h 1 . .... b .... ..,. 1 .... 1..e. y 1.rst ett1.ng r + an t en rep ac1.ng u y x = u + 2 r. 

' Diagram (b ) has a vanishing contribution. A direct calculation 

shows that terms of O(p3) in diagrams (c
1

) 
' and (d ) are 

cancelled in the sum. The order-·(3,4) tenn coming from diagram 

' (e ) involves time derivatives a0 . 

2 abc -+ F Let us next calculate g ~Oklx, y; A) up to 0(2,2). The 

evaluation of diagram Fig. 3 (f) leads to the result 

[
- 1 0g.k + r (3~J!.k _ r

2
rk) 

as 5A 8 · -z-
r 

i J J!.k m m 3 ( J/. k k £) l +3lJ.lf(o rq + 2 rq +rq + ... JG£, (B.14) 

where q£ = i3/3u£ and G£ is defined in (B.13). Substitution 

of Eq. (3.5) into (~.14) gives the result (3.12). 

Figure 3 (h1) and (h2) with two hard-transverse-gluon 

exchanges contribute to g2 ~£(~, y; X) up to 0(1,2). As in 
.... 

~00 , diagram (h1) has an r/r structure, which vanishes upon 
.... , .... k 

acting on A (u) .. Terms involving one <l/3u are extracted after 

somewhat lengthy calculation: 

i(iga5/A)(<l/t ~ a.Q_,\) + 0(1,3) • (B.lS) 
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For diagram (h2), it is sufficient to extract terms with no 

derivatives: 

l k!/ I I I II l s-Co:s/A)lo o£z + }(oz kok £ + ok z ok£) 

--,-/ I I ' 

x (ig F k 2 + ok 2 vcfAlv 0 rAJ) 

Combining (B.15) and CB,16), one is led to Eq. (3.13). 

APPENDIX C 

(B.16) 

In this appendix, we determine the unitary transformation eiV 

' iV . __ ..;new . -iV 
so that .:K = e (.:K - 13

0
)e (Eq. (5.1) has no 1++ 8 

("odd") components. 

For this purpose we expand Jt'new and V in powers of 

P: .;/'new = ~ .xCn) and v = ; vCn) . For convenience, the rest 
n=O n=l 

mass 2M is included in Jt'(O) , which has no "odd" components. 

We assume that V has only 1++ 8 components and fix it to each 

order in p: 

( ..,.(1) _ 3 vCl) + i[vCl) .;e(o)l} = 0 1""" 0 ' :J odd ' 

{K(Z)- 30V(2) + i[vCZ),,.Yt'CO)J + i(vC1),.x(l)J}odd = o, 

(C.l) 

etc. With this choice of V, the l <-> l component of the transformed 

Hamiltonian (K
1

) = (.X(O)) + cx'(Z)) + c.;e'(3)) + 
. 11 11 11 11 

is given by 
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(Jt'' (2)) = r.Yt'(Z)) + i l rvCl) x(l)] 
11 ~ 11 ZL ' 11• 

ex' (3)) = cxC3)) + i l rvCZ) .xCl)l + i 1rvc1) xcz~ 
11 11 z L • J 11 LL • :.Ju 

{...,(0)) Let us denote ~=\""' 11 and Jt'8 = ~ + b.s so that 

(C.Z) 

( Jt'(O) \. = Jt' - gA •T . 
188 8 0 - To solve (C.l) for V, we operate 

(C.1) on the eigenstate Is> of ~· and use the formulae 

(T_)a(T+)bpl = i ebc(T+)cP1 and P8CT+)a(T_)bA = dabc(T+)cP1. 

The result is 

cvCi)) 81 = wCi). CT+) 81 (i = 1' 2) (C. 3) 

with 

wCl) Is > = i ig(s -£8 + iv0) -1 c::=·E) is> , 

W(Z) js > = (s -~ + iv
0

) -l [iF + t (:;:·i)w(l~js > , (C.4) 

where (E)ab = dabc Ec and Fe is defined by (.;t'(Z))
81 

= F·(T+)
81

. 

Substitution of these expressions into (C.Z) leads to the 1++1 

Hamiltonian (5.2). 
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cao acts to the left). 

25. A comparison with the standard perturbation theory tells us 

that [- !:1E + i &OJ -l is defined as the causal propagator. 

FIGURE·CAPTIONS 

Fig. 1 Classification of gluons surrounding a heavy quark-antiquark 

system. 

Fig. 2 Diagrammatic representation of hard-gluon exchanges between 

qaurk color charges. 

(a) Zero-hard-gluon-loop approximation. Dashed lines are 

hard (Coulomb or transverse) gluons. Shaded blobs represent 

the coupling of soft gluons to the hard gluons. 

(b) One-hard-gluon-loop approximation, The hard-gluon 

loop in diagram (b1) includes a hard FP-ghost loop. Small 

black blobs at the triple hard-gluon vertex represent the 

coupling to soft gluons. 

Fig. 3 Detailed structures of hard-gluon exchanges. Dotted lines 

are hard Coulomb gluons while zigzag lines are hard 

transverse gluons. Wavy lines represent so£t (C::oulomb or 

transverse) gluons, 

Fig. 4 Hadronic transitions of low multipole-orders between heavy 

QQ bound states, Here El and M1 imply color-El and color-
,. 

Ml transitions, respectively. P)? · stands ;for parity change. 
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